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Abstract 
Rolling stock is one of the key operational issues for a railway transportation company. In fact, rolling stock and infrastructure 
maintenance suppose about 75% of total cost for a typical railway network. Rolling stock circulation consists of defining 
individual train paths over the network accomplishing pre-defined passenger’s services and fulfilling certain design criteria such 
as minimizing train costs. The maintenance of the train is an important aspect to be considered in the planning of rolling stock 
circulation. Typically, railway operators follow maintenance policies in which rolling stock must be revised every certain number 
of kilometers. 
In this paper we propose, in the context of railway Rapid Transit Systems (RTS), a mixed integer programming model to develop 
rolling stock circulation plans considering a rotating maintenance scheme. The model can be applied to any medium size RTS 
considering a variable number of parking facilities. Train circulation is obtained by following a weekly pattern to include 
weekend train schedules. This approach minimizes train empty movements whereas equilibrates the weekly number of 
kilometers covered by every train unit. The rotating schema ensures a long-term maintenance policy that minimizes the train 
units reserve and balances the workload of the maintenance operation. Finally, as illustration, the modeling approach is applied to 
the Seville commuter railway network in order to design a rotating rolling stock plan. 
© 2014 The Authors. Published by Elsevier B. V. 
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1. Introduction 
Rolling stock is one of the most difficult phases in the railway planning process and also plays a key role in a 
cost-efficient operation. The rolling stock represents a huge capital investment for service operators that cannot be 
changed frequently, which means that rolling stock becomes a strategic decision with a future impact of several 
decades. The rolling stock circulation plan includes a set of interrelated sub-problems such as train composition 
determination (locomotives and carriages coupling and decoupling), vehicle and carriage rest location (avoiding 
empty movements), vehicle circulation problem and maintenance policies.  
The rolling stock circulation problem can be viewed as a special multicommodity capacitated minimum cost flow 
problem where a set of different commodities (trains with different characteristics or rolling stock components 
depending on the problem) must be routed every day through a network from certain stations (rest places) in order to 
ensure a set of services and to guarantee minimum operation cost. The problem becomes more complex when train 
maintenance decisions are also incorporated. In case of considering carriage coupling and decoupling, the capacity 
of links refers to the maximum number of carriages that can be moved on each service. Other capacity aspects such 
as track capacity, are usually analysed before in an early phase, commonly when designing train schedules. 
Several models have been proposed for railway rolling stock problems. Schrijver (1993) minimizes the number of 
train units needed to satisfy a given demand. This model computes the minimum number of train units needed for 
each daily schedule. Related with this paper, (Brucker, Hurink, & Rolfes, 2003) study the problem of routing single 
carriages through a network, considering empty carriage movements. Their solution approach is based on local 
search techniques. Cordeau, Soumis, & Desrosiers (2000) present a Benders decomposition approach for 
determining a set of minimum cost equipment cycles such that every trip is covered using appropriate equipment. 
(Cordeau, Soumis, & Desrosiers, 2001) extend their model incorporating maintenance issues. Lingaya, Cordeau, 
Desaulniers, Desrosiers, & Soumis (2002) describe a model and a solution approach for a car assignment problem 
that arises when individual car routings must be determined considering maintenance constraints and minimum 
connection depending on the positions of cars. The solution approach is based on a Dantzig-Wolfe (Dantzig & 
Wolfe (1960)) reformulation solved by column generation. Abbink, Berg, Kroon, & Salomon (2004) present an 
integer programming model with the objective of minimizing seat shortage during morning rush hours. It is possible 
to obtain the required fleet size for each of the lines since they are treated separately. Alfieri, Groot, Kroon, & 
Schrijver (2006) propose an integer programming model in order to obtain the circulation of rolling stock 
considering order in trains composition. The model is devoted to a single line and for only one day of operation. 
Fioole, Kroon, Maróti, & Schrijver (2006) presented an extension to an at that time non-officially published model 
of Peeters and Kroon, which was finally published as Peeters & Kroon (2008). In this model, the authors use a 
transition graph to represent the possible changes in train’s composition at each station ((Alfieri et al., 2006). In 
order to solve the problem, the model decomposed based on trains using a Dantzig-Wolfe decomposition approach 
(Dantzig & Wolfe (1960)) instead of the classical flow decomposition used in other multicommodity network flow 
problems, Barnhart, Hane, & Vance (2000), or Holmberg & Yuan (2003). 
Rolling maintenance aspects have also been treated in some rolling stock models. Ziarati, Soumis, Desrosiers, 
Gélinas, & Saintonge (1997) set up a large scale integer programming model for locomotive assignment considering 
that locomotives requiring inspection must be sent to appropriate shops within a given time limit. Cordeau et al. 
(2001) propose a multicommodity network flow-based model for assigning locomotives and cars to trains in the 
context of passenger transportation. The model structure allows the introduction of maintenance constraints, car 
switching penalties, and substitution possibilities. The work  of Lingaya et al. (2002) supports operational aspects 
concerning locomotive-hauled railway cars. The authors consider maintenance constraints inside a model with the 
objective of maximizing the expected profit. Maroti & Kroon (2005) propose a multicommodity flow-type model for 
routing units that require maintenance in the forthcoming one to three days. The authors study the complexity of the 
problem and determine that feasibility problem for a single urgent train unit is polynomially solvable but that the 
optimization version is NP-hard. Giacco, D‘Ariano, & Pacciarelli (2014) present an integer programming 
formulation for integrating maintenance planning tasks in the rolling stock circulation problem, considering 
assigment of rolling stock units, scheduling of maintenance tasks and minimizing the number of empty runs. 
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In this work, we propose a general modeling approach that first determines the minimum number of vehicles 
needed to perform the actual train schedule for medium size RTS, and then obtains a cyclic weekly train circulation 
which is used to define the most convenient maintenance policy. This approach is specific for RTS where services 
are usually performed by train units with various composition types (e.g. with two, three or four carriages). The 
model initially assumes one composition type, which is frequently the case in metro systems and many metropolitan 
railway services. However, different compositions can also be managed by this approach. At a first stage, we 
determine the minimum number of trains required to perform the weekly schedule (considering different day types). 
The minimum fleet size is obtained by solving a continuous minimum cost flow problem. Secondly, an integer 
model based on the previous one is solved subject to the minimum fleet size constraint. This model produces the set 
of train circuits corresponding to one week. The objective is to minimize empty movements and to equilibrate the 
number of kilometers covered by each unit. Finally, this information is used to schedule trains maintenance. 
2. Problem description and notation 
Consider a multi-line RTS where the train timetable of each line is known in advance. Usually, RTS among 
others public transportation systems, follow a weekly timetable repeating the same schedule from Monday to 
Thursday and introducing some variants for the last three days of the week. Thus, for practical purposes and without 
loss of generality, we will consider a planning horizon of 7 days. 
 
 
Fig. 1. Links corresponding to line l for day t. 
Let ܮ be the set of lines of the network, ܶ be the set of days corresponding to the planning horizon (in our case, 
ȁܶȁ ൌ ͹ሻ, ௟ܵ௧ be the set of services defined in the timetable for a certain day ݐ א ܶ in up direction, and ܵԢ௟௧ be the set 
of services in down direction. Let ܵሺ݈ǡ ݐሻ ൌ ሼ ௜ܱ ǡ ܨ௜Ǣ ݅ א ௟ܵ௧ሽ be the set of nodes denoting start and end of each service 
in up direction for line ݈ א ܮon day ݐ א ܶ. Let ܵǯሺ݈ǡ ݐሻ ൌ  ሼܱǯ௜ ǡ ܨǯ௜Ǣ ݅ א ܵԢ௟௧ሽ be the set of nodes corresponding to the 
start and end of each service in down direction. Associated with nodes ௜ܱ ǡ ௜ܱᇱ (start of services) there exist departure 
times ܦሺ ௜ܱሻǡ ௜ܱ א ܵሺ݈ǡ ݐሻǡ ܦሺ ௜ܱᇱሻ ௜ܱᇱ א ܵᇱሺ݈ǡ ݐሻ defined by the given timetable, and similarly for nodes ܨ௜ǡ ܨ௜ᇱǡ there 
exist the corresponding arrival times ܣሺܨ௜ሻǡ ܣሺܨ௜ᇱሻ. For each line ݈ א ܮ and day ݐ א ܶǡ we consider four additional 
nodes ௟ܱ௧ ǡ ܨ௟௧ǡ ܱǯ௟௧ and ܨǯ௟௧ that, respectively, represent the start and end of the day at the beginning and the end of the 
line, as illustrated in Fig. 1. 
Let ܰሺ݈ǡ ݐሻ ൌ ሼ ௟ܱ௧ǡ ܨ௟௧ǡ ܱǯ௟௧ǡ ܨǯ௟௧ሽ ׫ ܵሺ݈ǡ ݐሻ ׫ ܵǯሺ݈ǡ ݐሻ be the set of nodes corresponding to line ݈on dayݐ. Then, let 
ܰ ൌ ڂ ܰሺ݈ǡ ݐሻ௟א௅ǡ௧א்  be the set of nodes corresponding to all the lines of the network. For this set of nodes, we 
define a set of directed arcs linking appropriately some pairs of nodes corresponding to each line ݈ on day ݐ in the 
following way: 
ܣሺ݈ǡ ݐሻ ൌ ሼሺ ௟ܱ௧ǡ ௜ܱሻ׊݅ א ௟ܵ௧ , ൫ ௟ܱᇱ௧ǡ ௝ܱᇱ൯׊݆ א ܵԢ௟௧ , ሺ ௜ܱ ǡ ܨ௜ሻ׊݅ א ௟ܵ௧ , ൫ ௝ܱᇱǡ ܨ௝ᇱ൯׊݆ א  ܵԢ௟௧ , ൫ ௟ܱ௧ǡ ௟ܱᇱ௧൯ǡ ሺ ௟ܱᇱ௧ǡ ௟ܱ௧ሻ , 
൫ܨ௜ǡ ௝ܱᇱ൯׊݅ǡ ݆Ǣ ݅ א ௟ܵ௧ǡ ݆ א  ܵԢ௟௧ǣܦ൫ ௝ܱᇱ൯ ൐ ܣሺܨ௜ሻ,  ൫ܨ௜ᇱǡ ௝ܱ൯׊݅ǡ ݆Ǣ ݅ א ௟ܵ௧ǡ ݆ א  ܵԢ௟௧ǣܦ൫ ௝ܱ൯ ൐ ܣሺܨ௜ᇱሻሽ. 
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In order to complete the directed graph, we add some additional links between different lines on day ݐǡ 
ሺ ௟ܱ௧ǡ ௦ܱ௧ሻሺ ௟ܱ௧ǡ ܱԢ௦௧ሻሺܱԢ௟௧ ǡ ௦ܱ௧ሻሺܱԢ௟௧ǡ ܱԢ௦௧ሻ׊݈ǡ ݏ א ܮǡ ݐ א ܶǡ  each line on consecutive days, and different lines on 
consecutive days ሺ ௟ܱ௧ǡ ௦ܱ௧ାଵሻሺ ௟ܱ௧ǡ ܱԢ௦௧ାଵሻሺܱԢ௟௧ǡ ௦ܱ௧ାଵሻሺܱԢ௟௧ ǡ ܱԢ௦௧ାଵሻ׊݈ǡ ݏ א ܮǡ ݐ א ܶ  (see Fig. 2.). In order to simplify 
notation, when ݐ ൌ ȁܶȁ we assume that ݐ ൅ ͳ ൌ ͳ, i.e., we link the last day of the planning horizon with the first day,  
thus yielding a rotating planning. Additionally, since some trains could perform short cycles, especially when 
managing timetables with different day types, links between origin nodes of the first day and origin days of the rest 
of days ሺ ௟ܱଵǡ ௦ܱ௠ሻǡ ሺ ௟ܱଵǡ ܱԢ௦௠ሻǡ ሺܱԢ௟ଵǡ ௦ܱ௠ሻǡ ሺܱԢ௟ଵǡ ܱԢ௦௠ሻ׊݈ǡ ݏ א ܮǡ݉ א ܶǡ݉ ൐ ʹǡand vice versa (links from de origin 
nodes of days ݐ ൐ ͳ and origin nodes of the first day) ሺ ௟ܱ௠ǡ ௦ܱଵሻǡ ൫ ௟ܱ௠ǡ ܱᇱ௦ଵ൯ǡ ൫ܱᇱ௟௠ǡ ௦ܱଵ൯ǡ ൫ܱᇱ௟௠ǡ ܱᇱ௦ଵ൯׊݈ǡ ݏ א ܮǡ݉ א
ܶǡ ͳ ൏ ݉ ൏ ȁܶȁ are also included. 
Then, 
ܣ ൌ ቊራ ܣሺ݈ǡ ݐሻ
௟א௅ǡ௧א்
ǡ ሺ ௟ܱ௧ǡ ௦ܱ௧ሻǡ ൫ ௟ܱ௧ǡ ܱᇱ௦௧൯ǡ ൫ܱᇱ௟௧ǡ ௦ܱ௧൯ǡ ൫ܱᇱ௟௧ǡ ܱᇱ௦௧൯׊݈ǡ ݏ א ܮǡ ݐ
א ܶǡ ሺ ௟ܱ௧ ǡ ௦ܱ௧ାଵሻǡ ൫ ௟ܱ௧ǡ ܱᇱ௦௧ାଵ൯ǡ ൫ܱᇱ௟௧ǡ ௦ܱ௧ାଵ൯ǡ ൫ܱᇱ௟௧ǡ ܱᇱ௦௧ାଵ൯׊݈ǡ ݏ א ܮǡ ݐ
א ܶǡ ሺ ௟ܱଵǡ ௦ܱ௠ሻǡ ൫ ௟ܱଵǡ ܱᇱ௦௠൯ǡ ൫ܱᇱ௟ଵǡ ௦ܱ௠൯ǡ ൫ܱᇱ௟ଵǡ ܱᇱ௦௠൯׊݈ǡ ݏ א ܮǡ݉ א ܶǡ݉
൐ ʹǡ ሺ ௟ܱ௠ǡ ௦ܱଵሻǡ ൫ ௟ܱ௠ǡ ܱᇱ௦ଵ൯ǡ ൫ܱᇱ௟௠ǡ ௦ܱଵ൯ǡ ൫ܱᇱ௟௠ǡ ܱᇱ௦ଵ൯׊݈ǡ ݏ א ܮǡ݉ א ܶǡ ͳ ൏ ݉ ൏ ȁܶȁቋǡ 
is the set of links of the directed graph ܩ ൌ ሺܰǡ ܣሻdefining the whole network. Moreover, the railway network will 
have, at least, one depot where trains roost. We suppose there could be more than one and that depots are located at 
the start or the end of the lines. In this sense, the model is general and it can manage different depots simultaneously. 
In order to incorporate this issue in the model we consider two data binary vectors ׎௟ǡ ׎Ԣ௟  representing the existence 
of depot when its value is equal to 1 and cero otherwise, located at the start and end of every line ݈ א ܮ. Values may 
also be higher than one and it indicates the existence of a depot and the value itself represents its capacity. 
3. Minimum fleet size determination 
The first model (M1) aims to minimize the fleet size, which will be used to calculate the trains’ circulation in a 
second stage. Let ݔ௜௝ǡ ሺ݅ǡ ݆ሻ א ܣǡ be a set of continuous variables defining the flow (number of trains) running over 
each link of the network (note that the set ܣ includes links for different days). Then, the minimum fleet size can be 
obtained solving the following Minimum Cost Flow linear model: 
(M1) 
ܯ݅݊ܭ ൌ෍෍ቌ ෍ ݔை೗೟ǡை೔
ை೔אௌሺ௟ǡ௧ሻ
൅ ෍ ݔைᇲ೗೟ǡைೕᇲைೕᇲאௌᇲሺ௟ǡ௧ሻ
ቍ
௧א்௟א௅
 (1) 
ݏݐǣ ෍ ݔ௜௝௝א஽ሺ௜ሻ െ෍ ݔ௞௜௞א஺ሺ௜ሻ ൌ Ͳ ׊݅ א ܰǡ ݐ א ܶǡ (2) 
 ݔை೔ி೔ ൌ ͳ ׊݅ א ௟ܵ௧ǡ ݈ א ܮǡ ݐ א ܶǡ (3) 
 ݔைᇲ೔ிᇲ೔ ൌ ͳ ׊݅ א ܵԢ௟௧ǡ ݈ א ܮǡ ݐ א ܶǡ (4) 
 ݔ௜ை೗೟ ൑ ׎௟  ׊ሺ݅ǡ ௟ܱ௧ሻ א ܣǡ ݈ א ܮǡ ݐ א ܶǡ (5) 
 ݔ௜ைᇲ೗೟ ൑ ׎Ԣ௟  ׊൫݅ǡ ܱᇱ௟
௧൯ א ܣǡ ݈ א ܮǡ ݐ א ܶǡ (6) 
 ݔ௜௝ ൒ ͲǤ   
The objective function (1) minimizes the outgoing flow of origin nodes. Constraints (2) balance flows at every 
node in the network. Constraints (3) and (4) fix to one the flow over links representing services defined in the 
timetable. Constraints (5) and (6) are used to forbid ingoing flows at origin nodes without rest facilities. Once the 
model is solved, the objective function of (M1) yields the minimum fleet size to be used along the planning horizon. 
Note that using the solution we can easily determine the daily amount of trains at each line for both directions. 
Concretely, ܭ௟௧ ൌ σ ݔை೗೟ǡை೔௜אௌሺ௟ǡ௧ሻ is the number of trains departing from the start of the line ݈ in up direction on day ݐ 
684   David Canca et al. /  Transportation Research Procedia  3 ( 2014 )  680 – 689 
 
and ܭԢ௟௧ ൌ σ ݔைᇱ೗೟ǡை೔௜אௌሺ௟ǡ௧ሻ  corresponds to the opposite direction. Then, ܭכ ൌ ௧א்ሼσ ሺܭ௟௧ ൅ ܭԢ௟௧ሻ௟א௅ ሽ  represents 
the maximum number of trains required to perform the line schedule. 
 
a b 
     
Fig. 2. a) Links from origin nodes of line l to other lines and next day. b) Links from end nodes of line l to other lines and next day. 
4. Trains circulation 
In order to determine train circulations, a new set of variables is defined, considering different trains over each 
link. Then ݔ௜௝௞  represent the flow corresponding to commodity k (train k) over link ሺ݅ǡ ݆ሻ א ܣ (note that the set ܣ 
includes links for diferentes days). To obtain a reasonable solution, variables ݔ௜௝௞  should be binary. However, due to 
the graph building procedure, for many of the variables it is sufficient to set them as non-negative variables. Let K 
the set of trains with cardinalityȁܭȁ ൌ ܭכ. The second model (M2) determines the optimal path followed by each 
train unit. 
(M2) 
ܯ݅݊ ෍ ෍݀௜௝ݔ௜௝௞
௞א௄ሺ௜ǡ௝ሻא஺
൅ ܯݖ (7) 
ݏݐǣ ෍ ݔ௜௝௞௝א஽ሺ௜ሻ െ෍ ݔ௥௜
௞
௥א஺ሺ௜ሻ
ൌ Ͳ ׊݅ א ܰǡ ݇ א ܭǡ (8) 
 
෍ݔை೔ி೔௞
௞א௄
ൌ ͳ ׊݅ א ܵ௟௧ǡ ݈ א ܮǡ ݐ א,ܶ, (9) 
 
෍ݔைᇲ೔ிᇲ೔
௞
௞א௄
ൌ ͳ ׊݅ א ܵԢ௟௧ǡ ݈ א ܮǡ ݐ א ܶǡ (10) 
 ݔ௜ை೗೟
௞ ൑ ׎௟  ׊ሺ݅ǡ ܱ௟௧ሻ א ܣǡ ݈ א ܮǡ ݐ א ܶǡ ݇ א ܭǡ (11) 
 ݔ௜ைᇲ೗೟
௞ ൑ ׎Ԣ௟  ׊൫݅ǡ ܱᇱ௟௧൯ א ܣǡ ݈ א ܮǡ ݐ א ܶǡ ݇ א ܭǡ (12) 
 ܴ௞ ൌ෍ ݀௜௝ݔ௜௝௞ሺ௜ǡ௝ሻא஺  ׊݇ א ܭǡ (13) 
 ܴ௞ ൑ ݖ ׊݇ א ܭǡ (14) 
 ݔ௜௝௞ ൒ Ͳ  (15) 
 ݔை೔ி೔௞ ൌ ሼͲǡͳሽǡ ݔைᇲೕிೕᇲ
௞ ൌ ሼͲǡͳሽ ׊݇ א ܭǡ ݐ א ܶǡ ݅ א ܵ௟௧ǡ
݆ א ܵԢ௟௧ǡ (16) 
where ݀௜௝  represents the length of link ሺ݅ǡ ݆ሻ א ܣ . The length of links connecting origin nodes with services 
685 David Canca et al. /  Transportation Research Procedia  3 ( 2014 )  680 – 689 
 
departures at each line are set to zero. The objective function (7) minimizes the total length traversed by all the 
trains following the actual timetable along the planning horizon ܶ plus ܯ  times the variable ݖ. ܯ  is a positive 
number large enough to conveniently weight the second term in the objective function. The variable ݖ acts as an 
upper bound of the distance traversed by each train ݇ during a week. In such a way, ܴ௞ is equilibrated for all trains, 
so, distances traversed by all trains during planning horizon ܶ do not differ much between them. Constraints (8) 
balance trains on each node of the graph. Constraints (9) and (10) enforce that one and only one train must traverse 
every service link. In this way, every service is performed according to the desired timetable. Constraints (9) 
correspond to the up direction and Constraints (10) to the opposite one. Constraints (11) and (12) are analogous to 
(5) and (6). If no depot exists at the start or the end of a line, no trains can be sent to the corresponding node. 
Similarly to model (M1), (M2) can also deal with specific depot capacity constraints. If this is the case, the total 
capacity of all depots should be large enough to accommodate all trains every day, and two new sets of constraints 
are imposed: 
෍ ෍ ݔ௜ை೗೟
௞
݇אܭ׊ሺ݅ǡܱ݈ݐሻאܣ
൑ ܥܽ݌௟  ݈ א ܮǡ ݐ א ܶǡ 
෍ ෍ ݔ௜ைᇲ೗೟
௞
݇אܭ׊ቀ݅ǡܱԢ݈ݐቁאܣ
൑ ܥܽ݌Ԣ௟ ݈ א ܮǡ ݐ א ܶǡ 
where ܥܽ݌௟ and ܥܽ݌௟ᇱrepresent, respectively, the capacity of depot at the start and the end of line ݈. 
Constraints (13) are used to obtain the total length traversed by train k along the planning horizon T. After solving 
the model, the number of kilometres traversed every day by each train unit can be directly computed from the 
solution as follows: 
ܴ௞௧ ൌ෍ ݀௜௝ݔ௜௝௞ሺ௜ǡ௝ሻא஺ǣ௜ǡ௝אሼேሺ௟ǡ௧ሻ׫൛ைೞ೟శభǡைೞᇲ೟శభൟǡ௦א௅ሽ
Ǥ 
Constraints (14) are used to equilibrate the number of kilometers traversed weekly by each train. We will see in 
the next section that this equilibrium becomes very useful in order to design a rotating maintenance scheduling. Note 
that all the variables are defined as positive (15) and only a small subset of them are defined as binary (16), 
concretely those variables corresponding to services links. The structure of the graph allows us to drastically reduce 
the number of binary variables in contrast with previous network-flow integer formulations. The number of binary 
variables in the proposed formulation is approximately the product of the number of services in the timetable by the 
number of trains ܭכ. 
 
 
Fig. 3. Fixing some binary variables. 
In fact, the number of binary variables can even be reduced to exactly σ ܭ௟௧ ൅ ܭ௟ᇱ௧௟א௅ǡ௧א்  rather than ܭכݐ . 
Moreover, exploding the structure of the graph, certain number of binary variables corresponding to the first day can 
be fixed a priori depending on the schedule. Fig. 3. depicts an example with 8 services where 5 variables can be a 
priori fixed. Concretely, services with departure time before than arrival times in the opposite direction can be fixed 
arbitrarily. For example, we can impose train 1 to perform service 1, train 2 to do service 2, train number 3 to run 
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service 3, train 4 to do service 5 (down direction)  and train 5 to ride service 6. The model will appropriately assign 
the other trains. Concerning the existence of different train compositions, or train types, the use of a train type to 
perform specific services (for instance a half-length train to serve low demand services) can be easily incorporated 
in the objective function using the appropriate penalties coefficients for other train types. 
5. Maintenance schedule 
The solution of this problem yields a directed graph defining the circulation of every train during a complete 
week. Moreover, the length of every circuit will be the weekly number of kilometers traversed by each train unit. 
Suppose the actual preventive maintenance policy of the company consists of periodically inspections within the 
bounds ܫ௠௜௡  and ܫ௠௔௫  km. As we stated before, after solving the model (M2) we obtain the daily distance ܴ௞௧  
traversed by each train and a weekly plan for each unit. Accumulating the daily number of km we can build a table 
and identify, for each train, the day ܦכ on which every cumulative train mileage exceeds ܫ௠௜௡  . Then this train is sent 
to maintenance and a reserve unit must perform the next day schedule. Note that approximately, all the trains will 
have a similar number of kilometers after the same days of function and that obviously we are designing a steady 
state solution. If we consider ܹ workable days during the length between two consecutive maintenances ܦכand a 
maintenance operation of P days, the required number of reserve trains will be ڿܭכȀܹܲۀ. Note that, if the weekly 
number of kilometres proposed by model (M2) is not well equilibrated, it is possible to rotate train’s circulation 
every week, i.e. to assign the circulation of train ݇ to train ݇ ൅ ͳ the next week, and so on. After exactly ܭכ weeks 
all the trains will have traversed exactly the same number of km. Therefore, even after ܦכ days, there will be nearly 
no difference among different trains mileage. 
6. Illustration 
In order to illustrate the proposed modelling approach, we have programmed the railway metropolitan network of 
Seville. Fig. 4. depicts the actual railway network. Line C4 is a completely urban circular line and therefore it has 
not been considered in this illustration. Note that the network contains only a depot, which is located in the centre of 
the city (Santa Justa station). This is mainly the reason to avoid the inclusion of line C4, which starts and ends in 
Santa Justa station. Line C1, due to its length and considering that the depot is in the middle, has been divided into 
two parts, namely C1 and C1’. Table 1 shows the number of services corresponding to the actual timetables 
programmed by the service operator while Table 2 contains line lengths. For this example, we consider a 
maintenance interval defined by ܫ௠௜௡ ൌ ʹͷǤͲͲͲ km and ܫ௠௔௫ ൌ ͵ͲǤͲͲͲ km. 
           Table 1. Number of services 
Line Number of services 
Monday to Friday 
Number of services 
Weekends 
C1 27 27 
C2 15 7 
C3 4 2 
C5 21 12 
C1’ 39 19 
            Table 2. Length of lines 
Line length 
(km) 
C1 C2 C3 C5 C1’ 
66 10 78 33 33 
 
Model (M1) provides the minimum number of trains required to perform the given timetable. This information is 
shown in Table 3 and summarized in Table 4. The solution is obtained in less than 2 minutes.  
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Fig. 4. Seville’s metropolitan railway network. 
    Table 3. Minimum number of trains  
Number of trains 
 (Up direction) 
Week day 
  
Number of trains 
 (Down direction) 
Week day 
 
M T W T F S S M T W T F S S 
C1 3 3 3 3 3 2 2 C1 3 3 3 3 3 1 1 
C2 1 1 1 1 1 1 1 C2 0 0 0 0 0 0 0 
C3 1 1 1 1 1 0 0 C3 1 1 1 1 1 2 2 
C5 1 1 1 1 1 1 1 C5 2 2 2 2 2 2 2 
C1’ 3 3 3 3 3 1 1 C1’ 3 3 3 3 3 2 2 
         Table 4. Minimum number of trains  
Number of trains 
per day 
Week day 
M T W T F S S 
18 18 18 18 18 12 12 
Model (M2) determines trains circulation and mileage per train. Trains circulation is depicted in Fig. 5 and trains 
mileage is shown in Tables 5 and 6. The MIP model has been solved by a Branch & Cut algorithm using an Intel i7 
processor with four cores and 8GB of RAM. The optimal solution has been obtained in approximately 45 minutes 
running time.  
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Fig. 5. Weekly train’s circulations for Seville Metropolitan Railway Network. 
 
Table 5. Weekly mileage after running (M2) 
Train 
Week day Weekly 
mileage M T W T F S S 
T1 300 528 629 296 370 518 481 3122 
T2 407 481 528 462 300 792 140 3110 
T3 792 462 396 528 444 198 330 3150 
T4 528 528 528 156 370 312 660 3082 
T5 396 792 660 444 312 330 156 3090 
T6 518 407 305 666 555 156 555 3162 
T7 629 305 370 481 333 592 370 3080 
T8 370 156 528 444 528 792 264 3082 
T9 156 528 792 396 528 396 312 3108 
T10 296 370 370 300 660 792 330 3118 
T11 528 312 156 518 528 296 792 3130 
T12 528 407 481 312 396 140 924 3188 
T13 462 660 462 792 792 0 0 3168 
T14 312 792 924 660 462 0 0 3150 
T15 629 592 312 792 797 0 0 3122 
T16 792 597 407 533 777 0 0 3106 
T17 660 528 592 528 792 0 0 3100 
T18 792 660 660 792 156 0 0 3060 
Table 6. Mileage between 56 and 57 days 
Train KM Week Number Day 56 Day 57 TOTAL 
T1 3122 8 24976 300 25276 
T2 3110 8 24880 407 25287 
T3 3150 8 25200 792 25992 
T4 3082 8 24656 528 25184 
T5 3090 8 24720 396 25116 
T6 3162 8 25296 518 25814 
T7 3080 8 24640 629 25269 
T8 3082 8 24656 370 25026 
T9 3108 8 24864 156 25020 
T10 3118 8 24944 296 25240 
T11 3130 8 25040 528 25568 
T12 3188 8 25504 528 26032 
T13 3168 8 25344 462 25806 
T14 3150 8 25200 312 25512 
T15 3122 8 24976 629 25605 
T16 3106 8 24848 792 25640 
T17 3100 8 24800 660 25460 
T18 3060 8 24480 792 25272 
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Note that the mileage obtained after running (M2) is very similar for every train unit, with a maximum mileage 
difference of 128 km between train T12 and train T18. Repeating the obtained weekly circulations, we determine 
כ= 57 days as maintenance interval (see Fig. 6a.). Considering a one day/unit ratio for the maintenance operation, 
and 40 workable days during the maintenance interval, just one reserve unit is required to perform the planning. 
Even using two days, the required reserve fleet size is of only one train as it is shown in Fig. 6. When the 
maintenance interval per unit increases up to 3 days the reserve fleet size increases one unit (see Fig. 6b.). 
 
a b 
  
Fig. 6. a) Two-day maintenance interval. Weekends off. b) Three-day maintenance interval. Weekends off 
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